We give a complete description of semi-symmetric algebraic curvature tensors on a four-dimensional Lorentzian vector space and we use this description to determine all four-dimensional homogeneous semi-symmetric Lorentzian manifolds.
Introduction
A pseudo-Riemannian manifold (M, g) is said to be semi-symmetric if its curvature tensor K satisfies K.K = 0 which is equivalent to
for any vector fields X, Y, Z, T . Semi-symmetric pseudo-Riemannian manifolds generalize obviously locally symmetric manifolds (∇K = 0). They also generalize second-order locally symmetric manifolds (∇ 2 K = 0 and ∇K 0). Semi-symmetric Riemannian manifolds have been first investigated by E. Cartan [9] and the first example of a semisymmetric not locally symmetric Riemannian manifold was given by Takagi [19] . More recently, Szabo [17, 18] gave a complete description of these manifolds. In this study, Szabo used strong results proper to the Riemannian sitting which suggests that a similar study of semi-symmetric Lorentzian manifolds is far more difficult. To our knowledge, there are only few results on three dimensional locally homogeneous semi-symmetric Lorentzian manifolds [5, 6] and on second-order locally symmetric Lorentzian manifolds [3, 16] . While in the Riemannian case every homogeneous semi-symmetric manifold is actually locally symmetric, in the Lorentzian case they are homogeneous semi-symmetric Lorentzian manifolds which are not locally symmetric. In this paper, we give a complete description of semi-symmetric algebraic curvature tensors on a four-dimensional Lorentzian vector space and we use this description to determine all four-dimensional homogeneous semi-symmetric Lorentzian manifolds. More precisely, we will prove the following result. 
Moreover, in case 1, M is locally symmetric.
This result shows that if a four-dimensional homogeneous semi-symmetric Lorentzian manifold is not locally symmetric then it must be either Ricci flat or Ricci isotropic. So to get a complete description of four-dimensional homogeneous semi-symmetric Lorentzian manifolds, we need to determine four-dimensional semi-symmetric Lorentzian Lie groups and four-dimensional homogeneous semi-symmetric Ricci flat or Ricci isotropic Lorentzian manifolds. We will determine the Lie algebras of semi-symmetric Lorentzian Lie groups up to dimension 4. We will also determine four-dimensional homogeneous semi-symmetric Ricci flat or Ricci isotropic Lorentzian manifolds with non trivial isotropy by using the classification of four-dimensional pseudo-Riemannian homogeneous manifolds given by Komrakov [13] . Let us give briefly a description of our results and the methods we will use.
Let (V, , ) be a Lorentzian vector space and K : V × V −→ so(V) a semi-symmetric algebraic curvature tensor, i.e., K satisfies the algebraic Bianchi identity and (1). Let Ric : V −→ V be its Ricci operator. The main result here (see Propositions 2.5 and 2.6 ) is that Ric has only real eigenvalues and, if λ 1 , . . . , λ r are the non null ones then V splits orthogonally
where V λ i = ker(Ric − λ i Id V ) and V 0 = ker(Ric) 2 . Moreover, dim
This reduces the study of semi-symmetric algebraic curvature tensors to the ones who are Einstein (Ric = λId V ) or the ones who are Ricci isotropic ( Ric 0 and (Ric) 2 = 0). The determination of Einstein or Ricci isotropic semi-symmetric algebraic curvature tensors is easy when dim V = 2 or 3. When dim V = 4 the situation is more complicated. In Theorem 3.1, we give the Petrov normal forms of Einstein semi-symmetric algebraic curvature tensors on a four-dimensional Lorentzian vector space and, in Theorem 3.3, we determine the semi-symmetric isotropic Ricci ones. Einstein semi-symmetric curvature tensors on a fourdimensional vector space have Petrov type I or II depending on the vanishing or not of their scalar curvature. Thus we get all semi-symmetric curvature tensors on four-dimensional Lorentzian vector spaces which would be useful in the study of four-dimensional semi-symmetric Lorentzian manifolds and in the proof of Theorem 1.1. For instance, as a consequence of Theorem 3.1 and based on a result in [10] , we show that a four-dimensional Einstein Lorentzian manifold with non null constant scalar curvature is semi-symmetric if and only if it is locally symmetric (see Theorem 3.2). The second step of our study is the determination of the Lie algebras of semi-symmetric Lorentzian Lie groups up to dimension 4. Now, let G be a Lie group endowed with a left invariant semi-symmetric Lorentzian metric. The restriction of the curvature K to the Lie algebra g = T e G of G is a semi-symmetric algebraic curvature tensor and, according to (2) , g splits orthogonally
with dim g λ i ≥ 2. We show (see Proposition 4.1) that, for any i, j ∈ {1, . . . , r} and i j,
where the dot is the Levi-Civita product given by When dim g = 3 or dim g = 4 then g has one of the following types:
(S 30λ) dim g = 3 and g = g 0 ⊕ g λ with dim g 0 = 1, g 0 .g λ ⊂ g λ , g 0 .g 0 ⊂ g 0 and λ 0.
(S 3λ) dim g = 3 and g = g λ with λ 0. (S 30) dim g = 3 and g = g 0 .
(S 4µλ) dim g = 4 and g = g µ ⊕ g λ with dim g µ = dim g λ = 2, λ µ, λ 0, µ 0, g µ .g λ ⊂ g λ , g λ .g µ ⊂ g µ , g λ .g λ ⊂ g λ and g µ .g µ ⊂ g µ .
(S 40 1 λ) dim g = 4 and g = g 0 ⊕ g λ with dim g 0 = 1, g 0 .g λ ⊂ g λ , g 0 .g 0 ⊂ g 0 and λ 0. (S 40 2 λ) dim g = 4 and g = g 0 ⊕ g λ with dim g λ = 2, g 0 .g λ ⊂ g λ and g 0 .g 0 ⊂ g 0 . (S 4λ) dim g = 4 and g = g λ with λ 0. (S 40) dim g = 4 and g = g 0 .
Moreover, for any type above we have from Sections 2 and 3 an exact expression of the curvature. Therefore, in order to complete the study, we need to determine from the curvature the Levi-Civita product and hence the Lie algebra structure. This will be done in Section 5. The determination of the Levi-Civita product from the curvature leads to a quadratic system of equations with many unknowns and, therefore, it is very difficult to solve. To overcome this problem, we will ovoid when it is possible a direct approach. For (S 30λ), (S 4µλ), (S 40 1 λ) and (S 40 2 λ), we will manage to ovoid direct computation and we will use some tricks to show that they are product or semi-direct product of Lie algebras. All these models are locally symmetric. The model (S 3λ) corresponds to the Lie algebras of three dimensional Lorentzian Lie groups with non null constant curvature which are known mostly in the unimodular case. We give their Lie algebras in the nonunimodular case. The model (S 30) when Ric = 0 corresponds to the Lie algebras of three dimensional flat Lorentzian Lie groups which were determined in [1, 4] . For (S 30) when Ric 0, we will use a direct computation which will give us two classes of Lie algebras both are not locally symmetric. The model (S 4λ) is the Lie algebra of an Einstein semi-symmetric Lorentzian Lie group with λ 0. According to Theorem 3.2, it is actually locally symmetric. The Lie algebras of Einstein Lorentzian Lie groups were determined by CalvarusoZaeim in [8] , we will use the list obtained in this paper to determine all the Lie algebras of type (S 4λ). For (S 40) with Ric = 0, by using Calvaruso-Zaeim list we will show that the sectional curvature vanishes. When Ric 0, the situation is the more complicated and we will use considerations on the holonomy Lie algebra to simplify the computations. The Lie algebras obtained there are not locally symmetric not even second-order locally symmetric. In section 6, we give the list of four-dimensional homogeneous semi-symmetric Ricci flat or Ricci isotropic Lorentzian manifolds by using Komrakov's classification of four-dimensional homogeneous pseudo-Riemannian manifolds [13] . We prove Theorem 1.1 in the last section. Finally, we must say that this study would be impossible to achieve without the use of a computation software which permitted us to check all our computations and to save a lot of time.
Semi-symmetric curvature tensors on Lorentzian vector spaces
In this section, we give some general properties of semi-symmetric curvature tensors on Lorentzian vector spaces. We will show that their Ricci tensor has only real eigenvalues and any semi-symmetric curvature tensors has an unique decomposition as a sum of semi-symmetric curvature tensors which are either Einstein or Ricci isotropic. Symmetric and skew-symmetric endomorphisms on Lorentzian vector spaces play a central role in our study, so we start by giving some of their properties we shall need through this paper.
Symmetric and skew-symmetric endomorphisms on Lorentzian vector spaces
A pseudo-Euclidean vector space is a real vector space of finite dimension n endowed with a nondegenerate inner product of signature (q, n − q) = (− . . . −, + . . . +). When the signature is (0, n) (resp. (1, n − 1)) the space is called Euclidean (resp. Lorentzian). We denote by so(V) the Lie algebra of skew-symmetric endomorphisms of (V, , ) and, for any u, v ∈ V, let u ∧ v denote the skew-symmetric endomorphism of V given by
The following well-known result will play a crucial role in our study (see [14] ). 
2. type {n − 2, zz}:
Representations of solvable Lie algebras in pseudo-Euclidean vector spaces will appear naturally in our study. There are some of their properties which will be useful later.
Let g be a real solvable Lie algebra, (V, , ) a pseudo-Euclidean vector space and
The representation ρ is called indecomposable if V does not contain any nondegenerate invariant vector subspace. The following result is well-known. 
where, for i = 1, . . . , q, E i is an invariant indecomposable 2-dimensional vector space and there exists λ i ∈ g * \ {0} and (e i , f i ) and orthonormal basis of E i such that, for any u ∈ g the restriction of ρ(u) to E i is λ(u)e i ∧ f i . In particular, a solvable subalgebra of so(V) must be abelian.
The proof of the following proposition has been given in [4] . Proposition 2.2. Let g be a solvable Lie algebra and ρ : g −→ so(V) an indecomposable Lorentzian representation. Then one of the following cases occurs:
and an orthonormal basis (g, h) of V such that g, g = −1 and, for any u ∈ g, ρ(u) = λ(u)g ∧ h.
3. dim V ≥ 3, there exists λ ∈ g * such that V λ is a totally isotropic one dimensional vector space. Moreover, for any µ λ, V µ = {0}.
As a consequence of this proposition, we will prove the following result which will be used in the proof of Theorem 3.1. 
Proof. The Lie algebra g has a natural representation in so(V) and the space V splits orthogonally as , g ) of E such that, for any u ∈ g, u = λ(u) f ∧ g. This is impossible since dim g ≥ 2.
2. dim W = 2. In this case, according to Propositions 2.1 and 2.2 there exists µ, λ ∈ g * , an orthonormal basis (e, f ) of E and orthonormal basis (g, h) of V such that, for any u ∈ g, u = µ(u)e ∧ f + λ(u)g ∧ h, hence dim g = 2 and we get the second case. 3. dim W = 3. In this case g act trivially on E and, according to Proposition 2.2, there exists λ ∈ g * such V λ = Rd is a totally vector subspace of W. Let V ⊥ λ its orthogonal in W. The quotient V ⊥ λ /V λ is and Euclidean 1-dimensional vector space and hence the quotient action of g on it trivial. So there exists µ ∈ g * such that for any u ∈ g and any x ∈ V 
is an orthonormal basis of V and, for any u ∈ g, u = − 
is an orthonormal basis of V and one can check easily that, for any
Semi-symmetric curvature tensors on Lorentzian vector spaces
A curvature tensor on a pseudo-Euclidean vector space (V, , ) is a bilinear map K : V × V −→ so(V) satisfying:
The Ricci curvature associated to K is the symmetric bilinear form on V given by r(u, v) = tr(τ(u, v)), where τ(u, v) :
The Ricci operator is the endomorphism Ric : V −→ V given by Ric(u), v = r(u, v). We call K Einstein (resp. Ricci isotropic) if Ric = λId V (resp. Ric 0 and Ric
It is easy to see that if K is semi-symmetric then its Ricci operator satisfies:
If K is semi-symmetric then h(K) is a Lie subalgebra of so(V) called primitive holonomy algebra of K. It is an immediate consequence of (3) that the operator K given by K(u, v) = λu ∧ v is semi-symmetric and dim h(K) = dim(so(V)). The converse is also true.
Proof. Suppose that dim h(K) = dim(so(V)). If dim V = 2 the result is obvious so we suppose dim V ≥ 3. Let
an orthonormal basis of V with ǫ i = e i , e i = ±1. Put K(e m , e n )e q = s Γ s mnq e s . By virtue of (5), for any m, n, q ∈ {1, . . . , n},
[K(e m , e n ), K(e n , e q )] = K(K(e m , e n )e n , e q ) + K(e n , K(e m , e n )e q ) = −K(K(e n , e q )e m , e n ) − K(e m , K(e n , e q )e n ).
So
K(K(e m , e n )e n , e q ) + K(e n , K(e m , e n )e q ) + K(K(e n , e q )e m , e n ) + K(e m , K(e n , e q )e n ) = 0. Remark that if dim V = 2 then any curvature tensor is semi-symmetric so we will suppose that dim V ≥ 3. Proof. Since Ric is a symmetric endomorphism of (V, , ) then there exists a basis B of V such that the matrices of Ric and , in B have one of the forms listed in the statement of Theorem 2.1.
1. Suppose that the matrices of Ric and , are of type {n − 2, zz}. Put B = (e 1 , . . . , e n−1 , e, e). Then, for i = 1, . . . , n − 2, Ric(e i ) = α i e i , Ric(e) = ae − be and Ric(e) = be + ae, b 0.
This shows that the sum of the eigenspaces associated to the real eigenvalues of Ric is E = span{e 1 , . . . , e n−2 }. From (6), we can deduce that for any u, v ∈ V, K(u, v) leaves invariant E and hence its orthogonal E ⊥ = span{e, e}. So b = Ric(e), e = K(e, e)e, e − K(e, e)e, e + n−2 i=1 K(e, e i )e, e i = 0, which contradicts the fact that b 0. 2. Suppose that the matrices of Ric and , are of type {n, α2}. Put B = (e 1 , . . . , e n−2 , e, e) and remark that, for
Ric(e i ) = α i e i , Ric(e) = αe, Ric(e) = e + αe and e, e = e, e = 0, e, e = 1.
This shows that Ric has only real eigenvalues and the sum of the associated eigenspaces is E = span{e, e 1 , . . . , e n−2 }. From (6), we can deduce that for any u, v ∈ V, K(u, v) leaves invariant E. We have then α = Ric(e), e = K(e, e)e, e + K(e, e)e, e + n−2 i=1 K(e, e i )e, e i = K(e, e)e, e .
On the other hand, K(e, e)e, e = K(e, e)(Ric(e) − αe), e = K(e, e) • Ric(e), e (6) = Ric • K(e, e)e, e = K(e, e)e, Ric(e) = K(e, e)e, e + αe = K(e, e)e, e = − K(e, e)e, e .
So α = 0. 3. Suppose that the matrices of Ric and , are of type {n, α3}. Put B = (e 1 , . . . , e n−3 , e, f, e) and remark that, for
Ric(e i ) = α i e i , Ric(e) = αe, Ric( f ) = e + α f and Ric(e) = f + αe.
This shows that Ric has only real eigenvalues and the sum of the associated eigenspaces is E = span{e, e 1 , . . . , e n−3 }.
From (6), we can deduce that for any u, v ∈ V, K(u, v) leaves invariant E. We have then
K(e, e i )e, e i = K(e, e)e, e .
Furthermore,
So α = 0. Thus
On the other hand, K(e, e) f, e = K(e, e)Ric(e), e (6) = K(e, e)e, Ric(e) = K(e, e)e, f = − K(e, e) f, e . 4. Suppose that dim V i = 1 for i = 1, . . . , r and choose a generator e of V i such that e, e = ǫ with ǫ 2 = 1 and complete to get an orthonormal basis (e, e 1 , . . . , e n−1 ) with e i , e i = ǫ i , ǫ
which is a contradiction and achieves the proof.
This proposition reduces the determination of semi-symmetric curvature tensors on Lorentzian vector spaces to the determination of three classes of semi-symmetric curvature tensors: Einstein semi-symmetric curvature tensors on an Euclidean vector space, Einstein semi-symmetric curvature tensors on a Lorentzian vector space and Ricci isotropic semi-symmetric curvature tensors on a Lorentzian vector space.
Einstein and Ricci isotropic semi-symmetric curvature tensors on vector spaces of dimension less or equal to 4
Remark first that if dim V = 2 any non null curvature tensor is Einstein semi-symmetric. If (V, , ) is a pseudoEuclidean vector space with dim V = 3 then any curvature tensor is entirely determined by its Ricci operator and we have
If K is a curvature tensor on a pseudo-Euclidean vector space of dimension n ≥ 4 then
where W is the Weyl tensor. The following proposition is an immediate consequence of (7).
Proposition 3.1. Let (V, , ) be a pseudo-Euclidean vector space of dimension 3 and K a curvature tensor on (V, , ).
If V is Lorentzian and K is Ricci isotropic semi-symmetric then there exists a basis
The study of Einstein or Ricci isotropic semi-symmetric curvature tensors in dimension four is more complicated and needs some preparation. Actually, Einstein curvature tensors on a four-dimensional Lorentzian vector space have been determined by Petrov since 1954 see [15] and [2] pp. 100. This study is based on the fact that if V is a 4-dimensional Lorentzian vector space then ∧ 2 V ≃ so(V) carries a natural complex structure J = * , where * is the Hodge star operator and, a curvature tensor is Einstein if its total curvature operator commutes with J. Using this fact, we can find an orthonormal basis of V in which the expression of the curvature tensor has normal forms called Petrov normal forms. We will recall briefly the construction of Petrov normal forms (for more details see [2] pp.100) and we will determine the Petrov normal forms of Einstein semi-symmetric curvature tensors.
Let (V, , ) be a four-dimensional Lorentzian vector space and K a curvature tensor. The inner product , induces naturally an inner product on any ∧ p V denoted in the same way. The total curvature operator K :
the Hodge star operator given by α ∧ β = Jα, β ω. It is a well-known fact that J 2 = −Id ∧ 2 V and hence J induces a complex vector space structure on
is an orthonormal basis with h, h = −1 and e ∧ f ∧ g ∧ h = ω, one can see easily that
By using these formulas, one can check easily that, for any α ∈ ∧ 2 V, [Jα, α] = 0 and hence
Remark that this relation implies that the Nijenhuis torsion of J is given by N J (α, 
It is a well-known fact that K is Einstein if and only if K • J = J • K and one can check that this is equivalent to
From the algebraic Bianchi identity we get k 16 = k 25 + k 34 and the relation Ric = λId V gives
we get that the matrix of K (as a complex endomorphism) in the complex basis {e ∧ f, e ∧ g, e ∧ h} is
There are three Petrov normal forms of K depending on the type of Jordan normal forms of K as a complex endomorphism. Indeed, the C-linear endomorphism K has three possible Jordan normal forms
and, for each of them there exists and orthonormal basis (e, f, g, h) of V with e, e = −1 such that the matrix of the
We can give now a precise description of Einstein semi-symmetric curvature tensors on a four-dimensional Lorentzian vector space by giving their Petrov normal forms. Theorem 3.1. Let K be a non null semi-symmetric curvature tensor on a 4-dimensional Lorentzian vector space (V, , ) such that Ric = λId V . Then the primitive holonomy algebra h(K) has dimension 2 or 6 and if dim h(K) = 2 then it is an abelian Lie algebra. Moreover, we have: 
From (11), we get that the matrix of K in the complex basis {e∧ f, e∧g, e∧h} must have the form
} is a real basis of h(K) and we get from (5)
Hence u = v = 0 which contradicts the fact that the rank of
It is easy to check that this matrix is diagonalizable with −λ as an eigenvalue of multiplicity 1 and 0 of multiplicity 2. This completes the proof. 
Another important consequence of Theorem 3.1 is the following result which the proof is based on Theorem 5.1 in [10] . exists a basis (e, f, g, h) such that the non vanishing products are e, e = f, f = g, h = 1 and
with A + B = −1.
Proof. According to
The relations Ric(e) = Ric( f ) = Ric(g) = 0 and Ric(h) = g are equivalent to
Thus, in the basis (e, f, g, h), we have
By using the relation K(u, v) • Ric = Ric • K(u, v) for the matrices above, we get
We claim that there exists θ such that
Indeed, this equivalent to q cos(2θ) + 1 2 (1 − 2λ) sin(2θ) = 0 and this equation has obviously a solution. In the basis (e ′ , f ′ , g, h) with e ′ = cos θe + sin θ f and f
Semi-symmetric Lorentzian Lie algebras: general properties
A Lie group G together with a left-invariant pseudo-Riemannian metric g is called a pseudo-Riemannian Lie group. The metric g defines a pseudo-Euclidean product , on the Lie algebra g = T e G of G, and conversely, any pseudo-Euclidean product on g gives rise to an unique left-invariant pseudo-Riemannian metric on G. We will refer to a Lie algebra endowed with a pseudo-Euclidean product as a pseudo-Euclidean Lie algebra. The Levi-Civita connection of (G, g) defines a product L : g × g −→ g called the Levi-Civita product and given by Koszul's formula
It is well-known that K is a curvature tensor on (g, , ) and, moreover, it satisfies the differential Bianchi identity
where
Denote by h(g) the holonomy Lie algebra of (G, g). It is the smallest Lie algebra containing
If we denote by R u : g −→ g the right multiplication given by R u v = L v u, it is easy to check the following useful relation
We can also see easily that
(G, g) is semi-symmetric iff K is a semi-symmetric curvature tensor of (g, , ). Without reference to any Lie group, we call a pseudo-Euclidean Lie algebra (g, , ) semi-symmetric if its curvature is semi-symmetric. Let (g, , ) be a semi-symmetric Lorentzian Lie algebra. According to Proposition 2.6, g splits orthogonally as
where g 0 = ker(Ric 2 ) and g 1 , . . . , g r are the eigenspaces associated to the non zero eigenvalues of Ric. Moreover, K(g i , g j ) = 0 for any i j and dim g i ≥ 2 if i 0. The following proposition gives more properties of the g i 's involving the Levi-Civita product. Let (g, , ) be a semi-symmetric Lorentzian Lie algebra. Then, for any i, j ∈ {1, . . . , r} and i j,
Proof. We start by proving that, for any i ∈ {1, . . . , r} and any x ∈ g ⊥ i , L x g i ⊂ g i . Fix i ∈ {1, . . . , r} and x ∈ g ⊥ i . For any u, v, w ∈ g i , by using the differential Bianchi identity, we get
since, by virtue of Proposition 2.5, K(u, x) = K(v, x) = 0. This shows, also according to Proposition 2.5, that
Having this property in mind, we will prove now that L x Ric(u) ∈ g i . Choose an orthonormal basis (e 1 , . . . , e n ) which is adapted to the splitting (17) and put
We have used the fact that if
where λ i is the eigenvalues of Ric associated to the eigenspace g i . We conclude that L x g i ⊂ g i which shows that, for any i, j ∈ {1, . . . , r} with i j, L g j g i ⊂ g i and L g 0 g i ⊂ g i . Since L takes its values in so(g), the other inclusions follow immediately.
Suppose that dim g 0 = 1 an choose a non null vector u ∈ g 0 . Since dim g 0 = 1, g 0 is nondegenerate and g 0 .g 0 ⊂ g 0 we get u.u = 0. Moreover, K(u, .) = 0 and hence from (15) 
u . By induction, we deduce that, for any
u . This implies that tr(R k u ) = 0 for any k ≥ 2 and hence R u is a nilpotent endomorphism.
We end this section by a lemma which we will use later. 
Lemma 4.1. Let V be a pseudo-Euclidean vector space of dimension ≤ 3 and A, B are, respectively, an endomorphism and a skew-symmetric endomorphism such that [A, B] = A
The condition [N, B] = 0 implies a = 0 and hence B = 0.
Semi-symmetric Lorentzian Lie algebras of dimension ≤ 4
Any 2-dimensional pseudo-Euclidean Lie algebra is semi-symmetric and we have the following known result which we will use later. Let (g, , ) be a two dimensional pseudo-Euclidean Lie algebra. Then: 
If g is abelian then the Levi-Civita product is trivial.

If g is non abelian and , is Euclidean then if (e, f ) is an orthonormal basis with e ∈ [g, g] and f
∈ [g, g] ⊥ then L f = 0, L e = λe ∧ f and K(e, f ) = λ 2 e ∧ f .
If g is non abelian, , is Lorentzian and [g, g] is nondegenerate positive then if (e, f ) is an orthonormal basis with e ∈ [g, g] and f
∈ [g, g] ⊥ then L f = 0, L e = λe ∧ f and K(e, f ) = −λ 2 e ∧ f .
If g is non abelian, , is Lorentzian and [g, g] is nondegenerate negative then if (e, f ) is an orthonormal basis with e ∈ [g, g] and f
If g is non abelian, , is Lorentzian and [g, g] is totally isotropic then if (e, f ) is an basis with e ∈ [g, g] and
f ∈ g such that e, e = f, f = 0, e, f = 1 then L f = λe ∧ f , L e = 0 and K(e, f ) = 0.
Let (g, , ) be a semi-symmetric Lorentzian Lie algebra with dim g = 3 or dim g = 4. For any λ 0, we denote g λ = ker(Ric − λId g ) and g 0 = ker(Ric 2 ). According to (17) and Proposition 4.1, g has one of the following types: Moreover, for any type above we have from Sections 2 and 3 an exact expression of the curvature. Therefore, in order to complete the study, we need to determine from the curvature the Levi-Civita product and hence the Lie algebra structure. This is the purpose of what will follow. 
Type (S 30λ) Proposition 5.2. Let (g, , ) be a three dimensional semi-symmetric Lorentzian Lie algebra of type (S 30λ
Write w.v = au + w 1 with w 1 ∈ g λ . We have w 1 0, w 1 , v = 0 and {w 1 , v} are linearly independent. This implies that g λ .g λ ⊂ g λ and R u = 0, which completes the proof.
Type (S 30)
In this case g = g 0 = ker Ric 2 . If Ric = 0 then g is a flat Lorentzian Lie algebra. There are, up to an isomorphism, six three dimensional flat Lorentzian Lie algebras, three unimodular and three nonunimodular (see [1, 4] ). (e, f, g ) of g such that the non vanishing products are e, e = f, g = 1,
Proposition 5.3. Let (g, , ) be a three dimensional semi-symmetric Lorentzian Lie algebra such that its curvature is Ricci isotropic. Then there exists a basis
f, f = g, g = 0 and the non vanishing Lie brackets have one of the following types:
In both cases, g is not second-order locally symmetric and h(g)
Proof. According to Proposition 3.1, there exists a basis (e, f, g ) of g such that the non vanishing products are e, e = g, f = 1, K(e, f ) = K( f, g) = 0 and K(e, g) = −e ∧ f . Put
We have
So the differential Bianchi identity gives y = 0 and b = −2z. On the other hand, the relation 0
Thus q = 0 and c(a − r) = a 2 − 2cp + 1 + ar = 0. Therefore, the solutions are
Hence
2c ). In both cases it is easy to check that h(K) = span{e ∧ f } is invariant by L which shows that it is the holonomy Lie algebra. Moreover, for the first case we have L 2 )e ∧ f . This shows that in both cases g is not second-order locally symmetric.
Type (S 3λ)
In this case, g is a three dimensional pseudo-Euclidean Lie algebra of constant curvature. If g is unimodular Euclidean then g is isometric to so(3) endowed with a multiple of the Killing form. If g is unimodular Lorentzian then g is isometric to so(2, 1) endowed with a multiple of the Killing form. The situation in nonunimodular case is more complicated. Before giving a precise description of such pseudo-Euclidean Lie algebras, we introduce, for any nonunimodular pseudo-Euclidean Lie algebras g, the vector h defined by u, h = tr(ad u ). We have obviously, h.h = 0 and since h ∈ [g, g]
⊥ , R h is a symmetric endomorphism. The proof of the following theorem is long and it is non relevant for our study so we omit it. 
g is Euclidean then there exists an orthonormal basis (e, f, g) such that the non vanishing Lie brackets are given by
[e, f ] = −cg + − λ 2 f, [e, g] = c f + − λ 2 g.
g is Lorentzian with
[e, f ] = −cg + λ 2 f, [e, g] = c f + λ 2 g.
g is Lorentzian with h, h > 0 and
[e, f ] = −cg + − λ 2 f, [e, g] = −c f + − λ 2 g.
g is Lorentzian with
[e, f ] = 2 − λ 2 f, [e, g] = a f a < 0.
Type (S 4µλ)
Proposition 5.4. Let (g, , ) be a four-dimensional semi-symmetric Lorentzian Lie algebra of type (S 4µλ). Then g λ .g µ = g µ .g λ = 0 and hence g is the product of a two dimensional Euclidean Lie algebra with a two dimensional Lorentzian Lie algebra.
We can suppose that g µ is Euclidean and g λ is Lorentzian. According to Proposition 4.1, there exists an orthonormal basis (e, f ) of g µ and an orthonormal basis (g, h) of g λ such that, in restriction to g µ , L f vanishes and, in restriction to
We have 
Consider R v : g λ −→ g. From the relation above, we have ker R v = Rv. So there exists two linearly independent vectors v 1 , v 2 ∈ g λ such that {v, v 1 , v 2 } is a basis of g λ , {v 1 .v, v 2 .v} are linearly independent with
This implies that g λ .g λ ⊂ g λ and hence R u = 0. Finally, R u = 0. Now D = L u = ad u is a skew-symmetric derivation of g λ . If g λ is unimodular then D = ad v with v ∈ g λ and since the metric on g λ is bi-invariant, for any w ∈ g λ , L w = 1 2 ad w . So
If g λ is nonunimodular then, for any v ∈ g λ ad Dv = [D, ad v ] and hence 0 = tr(ad Dv ) = Dv, h which implies that Dh = 0. One can check easily that this condition suffices to insure that K(u, v) = 0 for any v ∈ g λ .
Type (S 40
2 λ) Proposition 5.6. Let (g, , ) be a four-dimensional semi-symmetric Lorentzian Lie algebra of type (S 40 2 λ). Then g 0 .g = 0, g λ .g λ ⊂ g λ , g λ .g 0 ⊂ g 0 and hence g is the semi-direct product of the pseudo-Euclidean Lie algebra g λ with the abelian Lie algebra g 0 and the action of g λ on g 0 is given by skew-symmetric endomorphisms.
Proof. We have g = g 0 ⊕ g λ with dim g 0 = 2, g 0 .g 0 ⊂ g 0 and g 0 .g λ ⊂ g λ . Moreover, for any u ∈ g 0 and v, w ∈ g λ , K(u, .). = K(., .)u = 0 and K(v, w) = − λ 2 u ∧ v. Let first show that g 0 .g 0 = {0}. Since g 0 is a pseudo-Euclidean Lie algebra with vanishing curvature then g 0 .g 0 = {0} when g 0 is Euclidean. If g 0 is Lorentzian then according to Proposition 5.1, there exists a basis (e, f ) of g 0 with e, f = 1 such that
But the Lie algebra of skew-symmetric endomorphisms of a 2-dimensional pseudo-Euclidean vector space is abelian then, for any u, v
Therefore, we can choose an orthonormal basis (e, f ) of g 0 such that L e 0 and L f 0. Since e.e = 0, L e left invariant e ⊥ . We have also R e v, e = 0 and hence R e leaves invariant e ⊥ . Since e.e = 0, we get from (15) 
e . According to Lemma 4.1, the restriction of R e to e ⊥ vanishes and hence its vanishes. A same argument shows that R f = 0 and hence for any u ∈ g 0 , R u = 0. This implies that g λ .g λ ⊂ g λ . Now, for any u ∈ g 0 , L u is a skew-symmetric derivation of g λ and hence L u = 0. So we have shown that, for any u ∈ g 0 , L u = 0. Let show now that g λ .g λ ⊂ g λ . Remark first that is equivalent to ImR u ⊂ g 0 for any u ∈ g 0 . Suppose that there exists u ∈ g 0 such that ImR u g 0 . This means that there exists v ∈ g λ such that v.u = v 0 + v 1 where
This implies that g λ .g λ ⊂ g λ which is a contradiction. So we have proved so far that, for any u ∈ g 0 , L u = 0, g λ .g λ ⊂ g λ and g λ .g 0 ⊂ g 0 . So g is the semi-direct product of g λ with g 0 and the action of g λ on g 0 is given by skew-symmetric endomorphisms.
Type (S 4λ)
In this case g is Einstein locally symmetric either of non null constant curvature if its primitive holonomy algebra has dimension 6 or not of constant curvature if its primitive holonomy algebra is of dimension 2. In [8] , there is a classification of four-dimensional Lorentzian Lie algebras, based on this classification we get the following result.
Theorem 5.2. Let (g, , ) be a four-dimensional semi-symmetric Lorentzian Lie algebra of type (S 4λ). Then g is isomorphic R
4 with its canonical basis (e i ) In all the brackets above δ = ±1 and ǫ = ±1.
Type (S 40)
If Ric = 0 then g is Ricci flat and, according to Theorem 3.1, its curvature tensor has a Petrov normal form of type II with K 2 = 0. In the list obtained by Calvaruso-Zaeim [8] , the condition K 2 = 0 is equivalent to K = 0. Before studying the others cases let make some important remarks. According to Theorem 3.3, there exists a basis (e, f, g, h) a basis of g such that the non vanishing products are e, e = f, f = g, h = 1 and the non vanishing curvatures are K(e, h) = Ae ∧ g, K( f, h) = B f ∧ g with A + B = −1. Denote by h(g) the holonomy Lie algebra of g. It is the smallest Lie algebra containing the K(u, v) and satisfying [L u , h(g)] ⊂ h(g), for any u, v ∈ g. The holonomy Lie algebras of Lorentzian manifolds are well understood (see [11] ) and, for our purpose, we recall some known facts. We have three situations:
1. h(g) can be irreducible, i.e., h(g) leaves invariant no proper vector subspace of g. In this case h(g) = so(g). 2. h(g) can be weekly irreducible, i.e., h(g) leaves invariant no proper nondegenerate vector subspace of g but leaves invariant a degenerate vector subspace U. Then the null line U ∩ U ⊥ = Rp is also invariant. Since Ric is totally isotropic, Theorem 7 in [12] shows that h(g) ⊂ span{e ∧ f, e ∧ g, f ∧ g, g ∧ h}. Moreover, the left invariant vector field associated to p is recurrent and hence L u p = θ(u)p for any u ∈ g. 3. h(g) can be decomposable, i.e., g = g 1 ⊕ g 2 where the g i are nondegenerate invariant by h(g).
Before starting the computation, remark that if (A 0 and B 0) then g is indecomposable. Indeed, if E is a nondegenerate vector subspace invariant by h(g) then E is invariant by e ∧ g and f ∧ g and we can suppose that dim E = 1 or 2. If dim E = 1 then E ⊂ {e, g} ⊥ ∩ { f, g} ⊥ = Rg which is impossible. A same argument leads to a contradiction when dim E = 2. 
In all what above ǫ 2 = 1. Moreover, all the models above are not second-order locally symmetric and satisfy h(K) = h(g).
Proof. According to Theorem 3.3, there exists a basis (e, f, g, h) of g such that the non vanishing products are e, e = f, f = g, h = 1 and the non vanishing curvatures are K(e, h) (18) we get
We have two cases. 
Then u 2 = −sd, a 2 = sl and c − q = 2s −1 au. So
Since c − q = 2s −1 au we get that c and −q are solutions of the equation 
Then k = r = 0 and
This is equivalent to
Since d and l play symmetric roles we can suppose d 0. We get two types of Lie algebras 
For all these models we have L h,h K( f, h) 0 which shows that there are not second-order locally symmetric. Moreover, h(K) is invariant by L which shows that h(K) = h(g). 
Moreover, h(g) = span{e ∧ g, f ∧ g} and g is not second-order locally symmetric.
Proof. We proceed as in the proof of Theorem 5.3 and we suppose that A = 0. Then (18) is equivalent to u 1 = u 2 = s = a = 0, v 2 = 2w and m = −2k − p 1 . We have
g − wR g = 0 which is equivalent to
We have also [R e , L e ] − R 2 e − wR e = 0 which is equivalent to
If v 1 0 we get from (20) and (21) c = u = k = z = p 2 = 0 and m = −p 1 and (21) becomes
This implies that l = 0. We return to (19) and we find that the first equation implies m = x = y = n = b = 0 and from the fifth equation we deduce that q = 0 and B = 0 which is impossible. Thus v 1 = 0 and hence p 1 = 0. From the first equation in (19) we get m = 0, from the second equation we get u = 0, from the fourth equation we get z = 0, from the fifth equation we get p 2 = 0. From m = −2k − p 1 we get k = 0 and since c 2 = ck we deduce that c = 0. Thus
and (19) is now equivalent to
If x = 0 then one can check easily that h(K) = span{ f ∧ g} is invariant by L and hence h(K) = h(g) which leaves invariant Re and hence it is decomposable. Suppose that x 0. Then r = 0, ld + xd + lx = lq + xq − lb = qd + xq − db = ld + q 2 − lx − xd − qb + 1 = 0.
Since xq = lb − lq = db − qd we get (l − The proof is based on the results of Sections 2 and 3 and the following two theorems proved, respectively, in [10] and [7] . Proof. Let (M, g) be a locally homogeneous semi-symmetric Lorentzian four-manifold. According to Proposition 2.6, its Ricci operator has only real eigenvalues. Suppose that Ric has a non null eigenvalue. Then this eigenvalue has at least multiplicity two and Ric must be diagonalizable. So, according to Theorem 7.2, (M, g) is either Ricci-parallel or locally isometric to a Lie group equipped with a left invariant Lorentzian metric. If (M, g) is Ricci-parallel and has two distinct eigenvalues then, according to Theorem 7.3 in [7] , one of the situation (a) − (d) occurs. Suppose now that (M, g) is Einstein with non null scalar curvature. According to Theorem 5.3, the total curvature is diagonalizable and we can apply Theorem 7.1 to get that one of the conclusions (a) or (b) of this theorem occurs. Now, if Ric has only 0 as eigenvalue then, according to Proposition 2.6, Ric 2 = 0. This completes the proof.
